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Birefringence has been measured on yielded specimens of polycarbonate in simple tension in creep and stress 
relaxation. The pseudo-aft'me and random-chain aft'me models both fail to describe the experimental 
relationship between birefringence (or orientation) and strain. A new model assuming affine deformation of 
chain ends and non-random chains is presented, adequately describing the trends of experimental data. 
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INTRODUCTION 

It is general practice to describe development of orienta- 
tion in partially crystalline polymers in the glassy state 
using Kratky's 1 pseudo-affine model (e.g. Spegt et  al. 2, 
McBrierty and Ward 3 and BiangardP). In this model, 
anisotropic units rotate as rigid rods in an affinely 
deforming isotropic matrix. The model has also been 
applied by Biangardi 4 and Mitchell et  al. 5, among others, 
to orientation of amorphous polymers in the glassy state, 
although there is no justification for a two-phase model in 
this case. Kashiwagi et al. 6 have even applied the model to 
analysis of room temperature birefringence of 
poly(methyl methacrylate) (PMMA) deformed in the 
rubbery state. Orientation in the rubbery state is more 
usually described by Kuhn and Griin's 7 random-chain 
affine model (e.g. Purvis and Bower s and Cunningham et 
al.9); in this model, end-to-end vectors joining crosslinks 
(or 'entanglement points') deform affinely, and the chain 
is free to assume a random configuration between these 
points. Brown and MitchelP °, Raha and Bowden ~ ~ and 
Zanker and Bonart 12 attributed discrepancies to a strain- 
dependent entanglement density whereas Kahar et al. 13 
attributed them to deviations from the statistical theory 
following an expression of the Mooney-Rivlin type. 

Brown and Windle TM have discussed the shortcomings 
both of the pseudo-affine model and of the random-chain 
affine model with variable entanglement density. They 
introduce a two-parameter model, separating strain into 
an 'extensional' and an 'orientational' component, 
successfully describing stress-strain and orientation- 
strain relationships in the rubbery state 15 (and Mitchell et 
al. 16) and giving the general trends of glassy state 
behaviour ~ 7. 

In Erman and Flory's ~s'19 description of crosslinked 
rubbers, diffuse entanglements are taken into account as 
restrictions on fluctuations of junctions, leading to non- 
affine deformation of end-to-end vectors. The theory 
describes birefringence in the rubbery state reasonably 
well; however, it has been shown by Gottlieb and 
Gaylord z° that the theory breaks down completely (as do 
all existing theories of the rubbery state) when applied to 
stress-strain behaviour in swollen networks. Also, since 
the effect of entanglements is approximated by 

constraints on junctions (i.e. on chemical crosslinks) it 
does not appear possible to extrapolate the theory to 
thermoplastics. 

It is interesting to note that all reasonably successful 
descriptions of the trends of deformation behaviour in 
polymers require at least two components of strain: 
orientational and extensional 14'16, phantom network 
with fluctuations is, 'glide' mode and 'diffusional' mode 
(Lefebvre et al.21), uniformly affine and random chain 
affine (Picot et al. z2 and Maconnachie et a/.23). This 
expresses the experimental fact that birefringence is not a 
unique function of strain, but also depends on time (at 
constant strain) or equivalently on strain history la as 
observed by Qayyum and White z4'25 and Hammack and 
Andrews 26. Single component models, giving a one to 
one correspondence between orientation and strain1'7 are 
clearly inadequate. Strictly speaking, two-component 
models only apply to the rubbery state; in the glassy state, 
description of the stress-strain behaviour has been shown 
by Bauwens 27 to require three components (Hookean 
spring, Eyring dashpot and rubbery-elastic spring). 

The most convincing model to date of orientation 
behaviour in the glassy state has been given by Brown and 
Windle 14'17. One drawback of their model, however, is 
that it ignores the fact that orienting units are joined into 
chains. The purpose of this paper is to propose an 
alternative model of orientation in the glassy state and to 
compare it with classical theories and with experimental 
data on birefringence in polycarbonate. 

EXPERIMENTAL 

Polycarbonate (PC) was chosen for this investigation, 
both because it is amorphous and because birefringence 
depends only on orientation of main chain segments, 
polarizability anisotropy being far greater for the phenyl 
ring than for the methyl side-groups. 

Tensile specimens with flared ends and a gauge section 
4 x 0.8 cm 2 were cut from a commercially available sheet 
of polycarbonate (Makrolon, Bayer) 2mm thick. The 
specimens were drawn in an Instron tensile tester at 
0.5 cm min-1 at room temperature until the neck had 
reached the flared ends. After unloading, the strain was 
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Figure 1 Residual birefringence against residual draw ratio at room 
temperature. Points omitted for clarity. - - ,  Creep; . . . . .  , stress 
relaxation. Downward arrow indicates recovery. Error bars indicate 
uncertainty on variation of residual birefringence and draw ratio 

determined from the change in cross-sectional area, and 
birefringence was measured in white light between 
crossed polars by comparison with a reference sample of 
known birefringence. The specimens were loaded in creep 
at nominal stresses (referred to the initial cross-section) 
ranging from 44 to 50 MPa at room temperature and 
from 32 to 44 MPa at 62°C. Strain was measured with a 
dial gauge and birefringence was measured between 
crossed polars in sodium light (2 = 589.3 nm) by counting 
fringes. A few samples were tested in stress relaxation, the 
total strain being stepped up regularly once relaxation 
had become negligible. Two short samples with flared 
ends and no gauge section were tested under the same 
conditions to obtain an estimate of the effect of creep of 
the tail pieces on strain measurements. It was found that 
the correction required to account for this effect was 
equivalent, within 2%, to assuming a gauge length of 
50 mm instead of the nominal value, i.e. 40 mm. A few 
samples were tested below yield at room temperature, in 
creep and in tension at constant elongation rate. 

For  most samples a period of recovery of at least 24 h 
was allowed between sample preparation and testing. In 
order to determine whether variations in recovery time 
had any effect on subsequent behaviour, one sample was 
tested at room temperature within 30 rain of preparation, 
and one was tested at 62°C without unloading. 

RESULTS 

Birefringence An was determined from fringe order f as: 

An eo(~o/~)l / 2 (i) 

stress. This effect was assumed to be due to the purely 
elastic contribution of stress to birefringence and strain, 
which was found on unloading to be proportional to 
stress within experimental error. This contribution was 
evaluated from: 

Ane=Aa (2) 

G(O" 
Ao~= ~ -  (3) 

where a is true stress, A = 7 . 4 x l 0 - S M P a  -1 and 
E = 3400 MPa at 20°C (6.5 x 10- 5 M P a -  1 and 3700 MPa 
respectively at 620C). These are average values obtained 
from the immediate response on unloading. The slightly 
higher modulus at 62°C might simply reflect the lower 
stresses required at this temperature. These contributions 
were subtracted from all results obtained on samples 
under load, in order to convert them to an equivalent 
unstressed state. Corrected or residual values will be 
denoted by subscript 'o'. They are relatively insensitive to 
variations of A and E in creep; in stress relaxation 
experiments, the major cause of variation of birefringence 
is the change in stress, making results sensitive to any 
uncertainty in A and E, and consequently making them 
more difficult to interpret. 

When Ano is plotted against ~o (Figure 1), curves 
obtained at different loads are extremely similar in shape, 
and differences between these plots do not depend on 
load. Remaining scatter appears to be traceable to 
differences in the initial state of the samples (i.e. after 
preparation but prior to testing). In Figures 2 and 3, 
results obtained on different samples have been 
arbitrarily shifted to superpose the shape of the final parts 
of the plots (i.e. long times and high strains). The shifts are 
not given, as they are extremely difficult to interpret: 
widely varying combinations of initial strain and 
birefringence can be obtained, depending on the strain at 
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where 2 is the wavelength of sodium light (589.3 nm), eo 
and ~ are the thickness and draw ratio of the drawn 
sample prior to reloading and ct is the current draw ratio. 
Birefringence at a given strain was found to increase with 

Aa 

Figure 2 As Figure 1 but curves shiitcd to superpose long-term 
portion. + ,  52.5 MPa;  V ,  48.8 MPa;  O ,  46.4 MPa  and recovery after 
same; Fq, 44.2 MPa;  O ,  A ,  stress relaxation 
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Figure 3 Residual birefringence against residual draw ratio at 62°C; 
, creep and interrupted creep after prestraining and recovery; 

..... , sample tested in creep immediately after prestraining. Curves 
shifted to superpose long-term behaviour 

I i i i i 

C 

5.0 

~ A 

<3 B D 
x 
o 4.5 
_o 

4.0 

! I I 
1.7 18 1.9 2 2.1 

(1 o 

Figure 4 Residual birefringence against residual draw ratio during 
creep at 34 MPa (to A), recovery (AB), reloading at 41 MPa (BC) and 
recovery (CD) at 62°C 
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which drawing was interrupted, delay between drawing 
and creep and, for creep at 62°C, time allowed for 
temperature equilibration before creep. 

In order to test the effect of sample preparation, two 
samples were tested at the same nominal stress (49 MPa) 
at room temperature, one after 30 min recovery and the 
other after 2 months recovery. It was found that although 
the initial linear portion of the plot was somewhat shorter 
for the first sample, there was very little difference 
between the subsequent behaviour of the two samples, 
and it was concluded at the time that behaviour at high 
strains was insensitive to sample preparation conditions. 
Another sample was clamped at fixed length after 
preparation (at room temperature) until it was loaded in 
creep at 62°C; in this case (broken line in Figure 3) the 
initial steep linear portion was suppressed completely. 

This is further evidenced by behaviour on unloading, 
recovery and reloading (Figure 4): during recovery, 
birefringence decreases linearly with strain, except 
perhaps at very long times (approaching D) where there 
appears to be a change in slope, although there are too 
few data points to be sure of this effect, which might reflect 
the tendency of the dial gauge to slip when the sample is 
not loaded; on reloading, birefringence first increases 
sharply with strain and then gradually approaches the 
extrapolated prior curve. These results suggest the 
coexistence of two components of orientation and strain: 
a 'fast' component associated with high orientation and 
low strain, and a 'slow' component associated with low 
orientation and high strain. This possibility will be 
developed more fully in the discussion. 

Plots of strain against log time under load or after 
unloading are linear for as long as patience allows (Figure 
5). As is the case for any quantity varying logarithmically 
with time, a characteristic time for creep or recovery can 
be defined at the intersection of the extrapolated linear 
part of the plot with a horizontal line at the level of the 
initial value; deviations from a straight line are, of course, 
observed at times shorter (or not much longer) than this 
characteristic time. At the time scale of our experiments, 
this only affects recovery. Both the fast and the slow 
component can be assumed to contribute to creep; on 
unloading, only the fast component recovers slowly, the 
slow component being ultra-slow. Linearity of the plot 
during creep, together with the small amplitude of 
recovery, lend support to the idea that the strain 
associated with the fast component is small. (At times 
sufficiently long for the slow component to recover, an 
increase in the slope is expected.) 

The second order orientation function ( P 2 )  c a n  be 
obtained from the measured birefringence Ano, if the 
maximum birefringence AnM corresponding to full chain 
extension is known, from: 

An o 
(P2) = (4) 

AnM 

By comparing birefringence with orientation functions 
obtained by WAXS, Biangardi 4 found AnM= 0.236 for 
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Figure 5 Variation of draw ratio during creep (0)  (37 MPa) and 
recovery (O) at 62°C. Short horizontal lines indicate initial values of 
draw ratio 
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Figure 6 ( P2> against draw ratio below yield; 20°C, 0.2 mm/min (up), 
1 mm/min (down). -----, Experimental, typical data. - - - ,  Pseudo- 
affine theory 

polycarbonate. Residual birefringence, converted to 
(P2),  measured at low strains (i.e. below yield), is plotted 
against residual strain in Fi#ure 6. No particular 
significance is given to the initial offset, which does not 
occur on the plot of total birefringence versus total strain. 
The offset might be caused by uncertainty in coefficients A 
and E used to determine the stress-dependent 
contribution; it does not affect the observation that the 
relationship between birefringence and strain is definitely 
non-linear, is not reversible and has a slope comparable 
to (and initially slightly larger than) that given by the 
pseudo-affine theory. All results, converted to (P2),  are 
summarized in Fi#ure 7, where they are compared with 
classical theories and with the model given in the next 
section. 

THEORY 

Introduction 
The contribution of an anisotropic unit to the 

macroscopic anisotropy of a material property depends 
on the unit's anisotropy and on its orientation in the 
sample, defined by Euler angles 0, ~b and ~b. (0 is the angle 
between the Z-axis of the unit and the z-axis of the 
reference frame; ~b is the angle between the Z-z plane and 
the z-x reference plane and ~b is the angle between the X- 
axis of the unit and the Z-z plane.) The average 
macroscopic anisotropy will then depend on the 
orientation distribution function h(0,~b,~k). If the unit is 
transverse isotropic or can rotate freely about its axis, 
h(O,dp,~) is independent of ~k. (In fact free rotation is not 
required; the requirement is simply that ~k must be 
uncorrelated with 0 and ~b.) If the sample is also transverse 

isotropic h(O,dp) becomes independent of ~b. These 
conditions will be assumed to be fulfilled in what follows. 

For computational purposes it is convenient to express 
h(O) as an expansion in terms of a set of orthogonal 
functions; in the case of a large number of material 
properties (e.g. polarizability, sonic modulus, thermal 
expansivity, heat conduction, n.m.r, second moment, 
polarized fluorescence, Raman spectroscopy), the 
macroscopic anisotropy depends on products of low 
order powers of the direction cosines defining the 
orientation of structural units, and the spherical 
harmonics then form a particularly convenient set of 
orthogonal functions. In the event of transverse isotropy, 
both of the sample and the unit, these reduce to the 
Legendre polynomials of order l, Pl(cos 0). 

In the case of polymers it is often convenient to express 
segmental orientation as the convolution of the 
distribution h~(cos 0c) of the orientations of chains (or 
portions thereof) with respect to the draw direction, with 
the distribution h~(cos 0~) of segmental orientation with 
respect to the chain end-to-end vector. The segmental 
orientation distribution can then be expressed as: 

where 

(cos  ,P,(cos 0,) 

1 

Ct = f/h(cos 0,)Pt(cos 0s)d cos 0s 

-1  

(5) 

(6) 

and Pt(cos 0s) is the non-normalized Legendre 
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Figure 7 (P2)  against draw ratio; full curves: theory. A, Rubbery 
aftine, equation (11), 6 segments; B and C, equation (19), B: C2o = O, C: 
C2o=0.1; D, pseudo-afline, equation (12). Experimental results: 
..... ,20°C; . . . . .  ,62°C, strain history, see text; . . . .  ,62°C, no recovery 
prior to creep 
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polynomial of order 1, equal to: 
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1 d l 
Pl(cos 0,) = 211! d(cos 0~) z (c°s20~ - 1)1 (7) 

(The normalized Legendre polynomial is given by the 
above expression, multiplied by [(2l + 1)/2] 1/2. The non- 
normalized expression is more convenient in use because 
the orientation averages then vary between 0 for random 
orientation and 1 for perfect alignment.) C~ given by 
equation (6) will generally depend on 0¢ through the effect 
of the end-to-end length of the chain on the orientation 
distribution; it will therefore be written C~(cos 0~). The 
contribution of each chain to the macroscopic anisotropy 
will be proportional to Cz(cos0¢) and the orientation 
average is then given by: 

(8) 

1 

(Pl) = f he(cos 0c)Cl(cos 0¢)Pi(cos 0~)dcos 0¢ 

- 1  

Expressions for the orientation distribution of chains hc 
and for the segmental orientation average C~ can then be 
obtained from an appropriate model for molecular 
deformation. 

If affine deformation is assumed, 

~3 

hc(cos Oc)=-~ (9) 

- -  [0~ 3 - -  COS20c(0~ 3 - -  1)] (10 )  

where 

is the extension ratio of a vector forming an angle 0¢ with 
the draw direction in the deformed state, and ~ is the 
macroscopic draw ratio. 

In the rubbery-elastic affine model, affine deformation 
is assumed for end-to-end vectors joining crosslinks (or 
entanglement points in a thermoplastic) and a random 
configuration is assumed for chains joining crosslinks. 
The orientation averages are then obtained using 
Treloar's closed form approximation to the inverse 
Langevin function; (P2) has been given by Roe and 
Krigbaum 28: 

(11) 
1 f [ 2  lk 3 18/2 iV 2 1 f 2  l"x) 

- ; )  • -;7 -;7; 
where ~tM is the limiting network extension. (P4) has been 
given by Nobbs and Bower 29, who also extended the 
theory beyond the affine limit. 

In the pseudo-attine model, anisotropic units rotate 
within an affinely deforming matrix which makes no 
contribution to the macroscopic anisotropy. The 
orientation distribution of anisotropic units is given by 
equation (9); C~ is equal to 1 for all I. (P2) is then equal to: 

1/'2ot3+1 30t3tan-l(~3--1) 1/2) 
<P2> = 2 t  ~3 ~-1- (=3 _ 1)3/2 (12) 

The reader is referred to Brown and Windle 14 for the 
corresponding expression of (P4).  

Alternative model for olassy state deformation 
The underlying hypotheses of both the affine and the 

pseudo-affine models are somewhat unrealistic when 
applied to thermoplastics in the glassy state. The pseudo- 
affine scheme is essentially a two-phase model, for which 
there is no physical justification in the amorphous state. 
The random chain assumption, on the other hand, is 
unlikely to be fulfilled in the glassy state as the large-scale 
motions required for randomization do not occur. An 
alternative model is given below. 

Deformation is unlikely to be affine on the scale of a few 
monomers; however, it will always be possible to find a 
scale large enough for deformation to be assumed affine. 
The affine orientation distribution can therefore be 
assumed to apply to end-to-end vectors of chains, or of 
parts of chains (which shall be called subchains) of as yet 
undefined length. 

Consider the subchain represented schematically in 
Figure 8. The orientation of a given anisotropic unit s 
with respect to the end-to-end vector r is defined by polar 
coordinates 0s and ~bs. [~bs is the azimuthal angle, i.e. the 
angle between the (s,r) and (z,r) planes.] Let us assume 
that the subchain deforms as though it were enclosed in 
an affinely deforming tube or shroud formed by 
neighbouring chains, i.e. if the length of the tube is 
proportional to 6, the cross-sectional area decreases 
like 1/6. 

As the cross-sectional area is proportional to (sin20~), 
this assumption is expressed by: 

(cos Os) = 6(cos Os)o (13) 

z 

Figure 8 Schematic diagram of subchain defining coordinates used in 
the text 
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As 

(sin20,) = (sin20s)o (14) 
6 

3(sin20~) 
C2 = 1 2 (15) 

equation (14) can be rewritten: 

1 -- C2o 
1 - C 2 -  6 (16) 

where C2o is the second-order segmental orientation 
average in the undeformed state. Introducing equation 
(16) and the affine distribution of end-to-end vectors, 
equation (9), into equation (8), the second-order 
orientation average is found as: 

1 

-1  

1 -- C2o~3C0s20¢ 
J 2- - ldcos Oc (17) 

For ct 2=  6 and (cos20~o) = 0.4 the maximum admissible 
value for 6 is 2.06. It is worthwhile noting that in the 
limiting case C2o = 1, equation (19) reduces to the pseudo- 
affine relation (equation 12), but that the theory is then 
invalid for all values of ~. 

An additional assumption is required to obtain higher 
order orientation averages. The fourth order Legendre 
polynomial can be written: 

35sing0-- 40sin20 + 8 
P4 - 8 (25) 

The segmental orientation average with respect to the 
subchain end-to-end vector is: 

35(sing0,) - 40(sin20~) + 8 
C4 - 8 (26) 

It is not unreasonable to assume that the standard 
deviation of the distribution of values of sin20s decreases 
in proportion to the mean value as deformation proceeds; 
then 

with 6 given by equation (10). 
Equation (17) can be integrated making use of the 

change of variable: 

{ ~ 3 - -  1"~1/2 

giving (putting k= 1/~ 3) 

2+k 3k 1/2 
P2 1 - k  2(1-k) 3/2cOs-xkl/2 

kX/3( 2+k 1 + ( l - k )  '/2 6/~} 
- ( 1 - C 2 ° ) - 4 ~ ~ l n l - ( 1 - k ) ' / 2  1 

(18) 

(19) 

Equation (19) can only describe orientation behaviour at 
draw ratios low enough for equation (14) to be valid; 
equation (14) can be rearranged as: 

! <COS20s )o 
(cosZOs) = 1 --~ + 

o 

From equation (13) 

< cos Os> 2 = , ~ ( c o s  Os>o 2 

The requirement that, for any real 
distribution, 

(20) 

(21) 

orientation 

(cos20s)/> (cos 0 s)z (22) 

can be written 

6(1 - 62(cos 0~o) 2)~> 1 - (cos20s)o (23) 

(sin40s) = (si~20~°) (27) 
6 

Introducing equations (27) and (14) into equation (26), 

1-C4o 10 6~221.(1_C2o) (28) C4 = 1 62 3 

Finally, on introducing equations (28), (25) and (10) into 
equation (8) and integrating as for (P2),  the fourth-order 
orientation average is found as (putting k= 1/ct3): 

P i(35(2+k) 30 
1 - k  

+ 3 - {  _105 
k2(1 - k )  2 

30 "~ k 1/2 _lkl/2] 
1 ~ - / ~ ) ~  °s 

1-Cao~ k ~ l  5 35(5- 2k!) 
g ~ l -k \  8(1-k) / 

k 1/6 1.1/2//105 15 ) t  
4 ~ o s -  k ~ 8 ( i ~ )  2 1 _ ~ - 3  

k x/3 { 35 30 _'~. 1+(1 
- ~-3)lnl (1-k)X/2 

2(1-k)l/2~(1Z-k) 2 1 - k  - - k )  x/2 

+ ( l - k )  1/2 ( l - k )  1/2 1 - k  t-3 (29) 

or, defining the maximum extension ~t M as the extension 
corresponding to full segmental alignment, 

t~ 2 
(24) 

No attempt was made to find higher order orientation 
averages. 

To be complete, values should be assigned to the 
parameters C2o and C4o. It may be assumed that when an 
unstrained polymer is cooled from the rubbery to the 
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glassy state, the rubbery state configuration is 
maintained. If affine deformation applies to an 
entanglement length of n statistical segments, the limiting 
extension will be n 1/2 and conversely the fractional 
extension of an entanglement length in the unstrained 
state is n -1/2. (The justification for taking an 
entanglement length as a subchain is that an 
entanglement length appears to be the length of polymer 
chain which is effectively confined to a 'tube' or, 
equivalently, the shortest length at which motion of one 
end of the subchain is independent of constraints on the 
other end. This picture leads to a description of the 
entangled state which is supported by a wide variety of 
experimental data3°.) Using Treloar's approximation to 
the Langevin function, the second and fourth order 
orientation averages for a random chain at a fractional 
extension t can be written29: 

C2 = 0.6t 2 + 0.2t4(1 + t 2) (30) 

Ca = { - 5t 2 +94t 4 -  151t 6 
(31) 

+ 7(16t s + 9t t 0 + 12t z 2 + 3t I a + t ~ 6)}/225 

For an entanglement length of 6 statistical segments, 
corresponding to a maximum extension ratio of 2.45, 
to = 1/2.45, giving C2o=0.106 and C4o= 5.22 x 10 -a. 

DISCUSSION 

Birefrin#ence and second-order orientation functions 

Experimental results are compared with the pseudo- 
affine and rubbery-elastic affine predictions and with 
equation (19) in Figures 6 and 7. 

There is, of course, some uncertainty about the absolute 
'experimental' value of < P2> obtained from equation (4), 
due to uncertainty about the maximum birefringence of 
PC, which was found by BiangardP as AnM = 0.236. This 
value has been the object of some discussion in the 
literature. By comparing orientation averages derived 
from WAXS and from thermal conductivity anisotropy 
with birefringence data, Pietralla et al. 31 obtained the 
maximum birefringence of PC as 0.106. They argue that 
Biangardi's analysis, based on anisotropy of the main 
amorphous halo, attributed to nearest-neighbour 
interchain correlations, is incorrect because he did not 
take into account the c/8 shift between neighbouring 
chains. (In fact Biangardi assumes neighbouring chains to 
be uncorrelated in the z direction.) However, the 
orientation averages obtained by Pietralla et al. from 
WAXS data vary widely according to the interatomic 
distance at which they are determined, because the 
calculated variation of the intrachain orientation 
parameter with the interatomic distance does not 
reproduce the experimental variation, due to 
oversimplifications in the model. Logically, the most 
reliable values of (P2> should be those obtained from the 
strongest peak in the experimental P2(R) data. These are 
the lowest, and give an intrinsic birefringence of 
approximately 0.23. On the other hand, orientation 
parameters obtained from thermal conductivity 
anisotropy are systematically higher than those obtained 
from WAXS; this could be an indication that the 
orientating unit relevant for thermal conductivity is not 
the same as that relevant for WAXS; it could also indicate 

that the model giving < P2> values from the experimental 
anisotropy is inadequate. These values are evidently too 
high: for a sample drawn at room temperature, 
presumably to the natural draw ratio, i.e. 1.6, Pietralla et 
al. obtain <P2> =0.5 from heat conduction measure- 
ments, whereas the theoretical upper limit, presumably 
given by the pseudo-affine model, is 0.3 at this draw ratio. 

It would appear then that the intrinsic birefringence 
obtained by Pietralla et al. is too low; Biangardi's value is 
claimed to agree with that calculated from bond 
polarizabilities 4, and is not far removed from the 
generally accepted value of approximately 0.25 for 
poly(ethylene terephthalate) (PET) 4,s, which has a 
similar structure. It also agrees with the value obtained 
from Pietralla's data al when using the most reliable 
estimate for <P2>; 'experimental' values of <P2> are 
therefore obtained from equation (4) taking AnM = 0.236. 

The pseudo-affine model clearly gives orientation 
functions which are far too high, except in the pre-yield 
elastic region where experimental values fall slightly 
above the pseudo-affine prediction (Figure 6). The 
rubbery affine model predicts values which are too low; it 
also predicts a positive curvature. It might be argued that 
the affine model, using the Langevin approximation, is 
unrealistic when the number of statistical segments per 
chain is as low as 6, but it has been s h o w n  32 that more 
realistic models give results which are numerically very 
close to those obtained using the Langevin 
approximation, even for very short chains. (With 6 
statistical segments per chain the limiting network 
extension is 2.45 in agreement with the maximum 
extensibility of 2.5 calculated by Donald and Kramer aa 
from the entanglement molecular weight of PC.) 

The predictions of equation (19) are in qualitative 
agreement with experimental results for reasonable 
values of C2o, although the experimental and theoretical 
curves cross each other unless C2o is assumed to vary with 
draw ratio, in which case the present theory would do no 
better than any other 'variable constant' theory. 

The stumbling block of all three theories given above is 
that they all predict a unique relationship between 
orientation and strain, although it is clear from Figure 4 
that this is not supported by experiment. Any valid 
description of glassy state orientation requires at least 
two components, as suggested by Brown and Windle 17. 
In their description of polymer orientation, an ellipsoidal 
unit can either reorient (orientational component) or be 
displaced (extensional component) under the effect of an 
applied stress. The orientational component of strain 
depends on the aspect ratio of the orientating unit, and 
the extensional component is assumed not to introduce 
any orientation. The fact that units are joined into chains 
in a real polymer is largely ignored, except for the 
limitation on the extensional component. Moreover, a 
unique relationship is predicted between the orientational 
component and true stress; since no orientation is 
associated with the extensional component this implies 
that orientation should depend only on true stress; this is 
certainly not borne out by experimental data. Although 
Brown and Windle's model is attractive, in that it yields a 
good deal of insight into orientational behaviour, it does 
not lend itself to a quantitative comparison with data, for 
the reasons outlined above. 

In analysing experimental results obtained in this 
work, these were converted to an 'equivalent unstressed 
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Table l Coefficients appearing in equation (29) for fourth-order orientation functions 

Gt 

1.2 1.4 1.6 1.8 2 2.4 2.8 3.2 3.6 4 

100A 1.48 5.05 9.75 14.92 20.2 30.1 38.8 46.2 52.4 57.6 
100B 0.275 0.887 1.62 2.35 3.03 4.17 5.01 5.60 6.00 6.28 
100C 1.61 5.42 10.24 15.35 20.3 29.1 36.1 41.4 45.3 48.1 

state'. This is clearly insufficient to separate orientation 
into two independent components, as the resulting 
residual birefringence still depends not only on strain, but 
also on strain history. The facts that the ratio of variation 
of birefringence to variation of strain is the same on 
unloading as during subsequent recovery, that the length 
of the steep initial part of the plot on reloading is related 
to previous recovery, disappearing altogether when the 
sample is not allowed to recover, and that similar levels of 
residual birefringence are obtained at long times on 
samples with very different previous strain histories, 
suggest the coexistence of two components of orientation: 
one (component A) related to a low draw ratio and a high 
ratio of orientation to strain, similar to pseudo-affine 
behaviour; the other (component B) related to a high 
draw ratio and relatively low orientation. Component A 
might be associated with local orientation of the pseudo- 
affine kind, and component B with molecular 
rearrangements on the scale of an entangled length: it 
therefore seems logical to associate some orientation with 
component B. As orientation decreases linearly with 
strain on unloading and during recovery, component B 
appears to be vanishingly slow at low stresses, and to be 
activated only at high stresses in the glassy state. The fact 
that orientation is slightly lower at 62°C than at room 
temperature could be taken as an indication that 
component A reaches saturation at a stress-dependent 
level. 

A quantitative decomposition of experimental results 
into components A and B does not seem possible at the 
present stage: during recovery, component A decreases 
logarithmically, with no hint of any approach to 
equilibrium, so that its amplitude cannot be determined 
directly from experiment in the temperature range 
investigated. The limiting orientation at high strains, or 
equivalently the orientation observed on the sample 
which was not allowed to relax before loading in creep 
(broken line in Figure 3) follows a plot which is 
approximately parallel to the predictions of equation (19) 
for vanishing Czo. This is not incompatible with a low 
limiting extension, indicating a short entanglement 
length: as shown above, C2o = 0.1 for a sub-chain of only 6 
statistical segments. 

The model given above, expressed by equation (19), 
now appears as a description of component B only. Both 
the pseudo-affine and rubbery affine models offer an 
inadequate description of this component: the 
orientation predicted by the pseudo-affine model is too 
high, and no reasonable decomposition can give an 
experimental relationship between orientation and strain 
presenting an upward curvature, as predicted by the 
rubbery affine model: this would require component A to 
reach a maximum and thereafter decrease, and there is no 
reason to suspect such behaviour. The globally affine 
subchain described by equation (19), combined with a 

high-orientation, low strain component therefore appears 
to offer the best description to date of orientation 
behaviour in the glassy state. More work is required, 
nearer to the glass transition, in order to separate these 
components and investigate them more fully. 

Fourth-order orientation functions 
Although birefringence gives no information about 

higher-order orientation averages, equation (29) can be 
compared with predictions of classical theories and with 
experimental data found in the literature. Equation (29) 
can be expressed as: 

(P4) = A - B ( 1  - C ~ ) -  C(1 -C2o) (32) 

where ,4, B and C depend only on strain and are given in 
Table 1. 

Data is frequently presented as a plot of (cos40) 
against (cos20) <34'35. This is an apparently elegant 
representation because it reduces data scatter. 
Conversely, it is insensitive to small variations of (P4).  
This can be seen by using equation (7) to express (cos40) 
as:  

(COS40) 30(cos20)-3  8(P4) = + - - -  (33) 
35 35 

1 4 (P2)  . 8 (P4)  (34) 
= 5 + ~ - ~  35 

As (P4)  is generally small and has a low prefactor in 
equation (33), (cos40) is dominated by the isotropic term 
and by (P2) or equivalently (cos20). The difference 
between the pseudo-affine value of (cos40) and the value 
obtained putting (P4) = 0 in equation (33) is less than 5 ?/o 
for (cos20)<0.5. A more sensitive plot, particularly at 
low orientations, is obtained by plotting ( / 4 )  against 
(P2) (refs. 19 and 36) (although as pointed out by Nobbs 
et al. 36. the pseudo-affine and rubbery afiine models do 
not differ greatly in their predictions of the relationship 
between ( P 2 )  and (P4)), the most discriminating plot 
being (P4)  or (P2)  against ~(refs. 16 and 37). (P4)  is 
generally very small aT, or even negative 16 for PMMA 
deformed in plane strain compression at room 
temperature, at low to moderate strains, although large 
values have been obtained on PET tapes spun to high 
draw ratios 36. Experimental determinations of (/)4) 
invariably exhibit considerable scatter. It is illustrative of 
the difficulties in determining (P4)  that experimental 
values larger than 1 have been found s. 

An adequate model of deformation should be able to 
predict negative values of (P4)  in some cases. As shown 
in Figure 9, both the pseudo-affine and the rubbery affine 
model give positive values of (P4) at all strains. (The 
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Figure 9 Fourth-order orientation function. Experimental points from 
Mitchell et alp on PMMA: O, 20°C; A,  40°C; A, 60°C; n ,  80oC.-- --, 
Pseudo-alline theory (equation (29) with C2o and C4o=1); - -  
rubbery affine with n = 10 (from Nobbs and Bower29); equation (29)i 
C4o = 0; . . . . .  , C 2 o = 0 ;  - - - ,  C 2 o = 0 . 2  

rubbery  affine result is given for n =  10 f rom N o b b s  and 
Bower29.) Brown and  Windle 's  model  17 (not represented 
because numerical  da ta  were not  available) gives negative 
values at  low strains for all aspect  rat ios in the rubbery  
state, but  ( P 4 )  becomes positive if rate effects are taken  
into account  (i.e. in the glassy state). This would be rather  
the opposi te  to the effect suggested by compar ing  low 
tempera tu re  da ta  (on P M M A  16) with high t empera tu re  
da ta  (on PETar) .  Equat ion  (29) is plotted in Figure  9 for 
two values of  C2o [-which is effectively the sole parameter :  
the prefactor  B of (1 -C4o)  in equat ions (29) or  (32) is 
generally very small,  and as C ~  can also be assumed to be 
very small the p roduc t  B'C4o can be omit ted] .  The  model  
predicts negative values of  ( P 4 )  at low strains, becoming  
positive at a draw rat io which varies with C2o. If  C2o is 
sufficiently large, ( P 4 )  is positive at  all d raw ratios;  the 
m i n imum value of C2o for  this to occur  is 0.28; if C2o is 
given by equat ion (30), this requires to=0.63,  or  an 
entanglement  length of 2.5 statistical segments.  This m a y  
seem ridiculously small,  a l though as pointed out  
previously 3° polymers  with very short  entanglement  
lengths tend to crystallize, so tha t  this behav iour  is not  
unexpected for a crystallizable po lymer  such as PET.  
Moreover ,  in the discussion of ( P 4 )  so far, only one 
c o m p o n e n t  of deformat ion  has been considered 
(component  B); if componen t  A is also taken into 
account ,  and if the relat ionship between or ientat ion and  
strain for this componen t  is approx imate ly  pseudo-affine, 
the resulting value of ( P 4 )  will be less negative, and 
positive values will be obta ined for a smaller  strain, or  for 
a lower initial segmental  or ientat ion (or equivalently a 
longer entanglement  length). 

C O N C L U S I O N  

There is no unique relat ionship between birefringence 
and strain in po lycarbona te  in the glassy s t a t e - -  
birefringence depends on the entire strain history. An 
adequate  descript ion of or ienta t ion in the glassy state 
therefore requires at least two componen t s  of  strain, both  
of  which must  be associated with a certain a m o u n t  of 
orientat ion.  A model  incorpora t ing  these features has 
been given, in which one c o m p o n e n t  of  or ientat ion is 
related to a globally affine model  of  deformat ion  in which 
chain configurat ions are restricted by neighbouring 
chains; no interpreta t ion has been a t t empted  for the 
second componen t .  This model  is shown to give a good  
qualitative description of glassy state or ientat ion in 
polycarbonate ,  and also of exper imental  values found in 
the li terature of  higher order  or ienta t ion averages in other  
polymers.  
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